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Introduction

A LASER pulsejet is one of the airbreathing laser thrusters driven
by repetitive laser pulses.1 Impulsive thrust is generated by

a laser-induced explosion in a divergent nozzle. Its engine cycle
consists of four stages: 1) laser absorption, 2) blast-wave expansion
in the nozzle, 3) exhaust, and 4) refill.

At the laser absorption stage, plasma is produced in the vicinity
of beam focus. It absorbs the laser pulse energy Ei and expands
quickly to drive a blast wave in a surrounding air. This stage can be
characterized by the blast-wave energy efficiency ηbw(≡ Ebw/Ei ).
Here, the blast-wave energy Ebw is defined as the sum of kinetic
and translational energy within the blast wave and is conserved
throughout the blast-wave expansion processes in the nozzle. In
our previous study, ηbw was extracted experimentally through the
imaging of shock-wave expansion.2 The results are summarized in
Table 1.

Ebw is transformed to impulsive thrust in the blast wave expansion
stage. Ageev et al. studied the influence of nozzle geometry on
impulse using conical and parabolic nozzles and found an optimum
nozzle length for certain Ei (Ref. 3). Myrabo et al. found optimum Ei

for a certain nozzle geometry.4 However, to have a general scaling
law, the blast-wave expansion stage must be discussed separately
from the laser absorption stage.

This study investigates the aerodynamic transformation from the
blast wave to the impulsive thrust in a nozzle. An impulse imparted
to a conical nozzle was measured as a function of nozzle scale, and
the optimum condition was discussed, and the laser absorption stage
has been characterized by measured ηbw listed in Table 1.

Impulse Measurement
The experimental arrangement is shown schematically in Fig. 1.

A transversely excited atmospheric CO2 pulse laser was used. The
pulse duration was approximately 3 µs, in which 95% of Ei has
been irradiated. Variation of Ei was less than ±5% pulse to pulse.
An off-axial parabolic mirror was used to focus the laser beam. The
f number of the focusing optics was 3.3. The laser pulse shape and
the air conditions are identical to those in our previous studies.2,5

With this optics, ηbw was expected at 0.44 ± 0.1 throughout the
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experiment. The focus of optics was set in the vicinity of the cone
apex, although the impulse was not sensitive to the distance between
the cone-apex and the optical focus as far as the distance was shorter
than 20% of the nozzle length. The inner wall of the cone was
made of aluminum, and each cone was encased in a cylinder, which
was long enough to prevent a diffracted blast wave from impinging
on the outer surface of the cone. Impulse I imparted to the cone
was determined by the ballistic pendulum method. The pendulum
displacement was measured using a laser distance measurement
sensor (Keyence Inc., LK-500). Calibration was performed using
an impulse hammer.4,6 A calibration line is shown in Fig. 2. Good
linearity has been obtained. Test conditions are summarized here:
input energy Ei , 6–11 J; nozzle length rn , 25–73 mm; and half-cone
angle α, 15 and 30 deg.

Measured momentum-coupling coefficient Cm(≡ I/Ei ) is plot-
ted as a function of nozzle length in Fig. 3. The nozzle length rn has

Table 1 Blast-wave energy conversion efficiency

f number Ei , J ηbw

2.2 4–11 0.47 ± 0.05
3.3 6–11 0.44 ± 0.1

Fig. 1 Experimental arrangement.

Fig. 2 Calibration line.
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Fig. 3 Measured momentum coupling coefficient Cm and nozzle
length.

been normalized by a characteristic shock-wave radius r∗ defined
as

r∗ ≡ {2Ebw/pa(1 − cos α)} 1
3

= {2ηbw Ei/pa(1 − cos α)} 1
3 (1)

where pa is the ambient pressure and r∗ is a function of ηbw and
measured ηbw has been used here. As seen in the figure, measured
Cm aligned on a unique curve of the blast-wave parameter r̃n in
spite of the difference in Ei . This result suggests that Cm should be
determined by the aerodynamic blast wave expansion in the nozzle.
In addition, Cm has a peak at r̃n ∼ 0.4 for both α = 15 and 30 deg.

Theoretical Prediction
To interpret the experimental results, the standard Sedov–Taylor

solution was used because it provides analytical expressions of the
shock-wave radius and the postshock pressure profiles. Although
the ambient pressure is ignored in the solution, the solution will
give a reasonable estimation because Ebw is conserved throughout
the expansion processes. Impulse I can be calculated as an integral
of time-varying thrust;

I =
∫ tarr

0

∫ rs

0

(p − pa)(2πr sin2 α) dr dt (2)

where p is the pressure, r is the radius in polar coordinates whose
origin is set at the cone-apex, rs is the location of the shock wave,
subscript a represents the ambient condition, t is the elapsed time
from plasma ignition, and tarr is the time when the shock wave ar-
rives at the exit of the cone. Here, the shifts of the explosion center
caused by the laser absorption wave propagation,5 the laser heating
for finite duration, and the transition from the laser absorption wave
to the aerodynamic blast wave7−9 are ignored. In addition, the con-
tributions of exhaust and refill stages are also ignored. Equation (2)
can be transformed to

I = C1

∫ tarr

0

(
πpsr

2
s sin2 α

)
dt − pa

∫ tarr

0

(
πr 2

s sin2 α
)

dt (3)

where

C1 ≡
∫ 1

0

p/ps d(r/rs)
2

Here, ps is the postshock pressure. According to the Sedov–Taylor
solution of the point explosion (see Ref. 10), p/ps is determined
uniquely by r/rs , and C1 is a function of only the specific heat ratio

γ . C1 is 0.44 in the standard air (γ = 1.4), and rs and ps are also
given by the Sedov–Taylor solution as

rs(t) = (
C2r∗3c2

at2
) 1

5 (4)

ps = 2ρa

γ + 1

(
drs

dt

)2

(5)

respectively. Here, c and ρ are the sound speed and the air density,
respectively, and subscript a represents the ambient condition. C2

is a function of only γ , and its value is 0.83 for γ = 1.4 (Ref. 10).
Substituting Eqs. (4) and (5) into Eq. (3), the theoretical momen-

tum coupling coefficient Cm,th is expressed as

Cm,th(α, r̃n) = 5πηbw(1 + cos α)

ca

√
C2

[
8γ C1C2

25(γ + 1)

2

3
r̃

3
2

n − 2

9
r̃

9
2

n

]
(6)

From the derivative of this equation, the optimum condition is
deduced as

r̃n,opt =
[

8γ C1C2

25(γ + 1)

] 1
3

= 0.41 (7)

This value is an invariant for the gas with γ = 1.4 and is very close
to the experimental results. This good coincidence suggests that
the optimum expansion condition is predictable from the balance
between Ebw and the nozzle volume, and it is not so sensitive to the
initial explosion processes such as the shifts of the explosion center,
the laser heating for finite duration, and the transition from the laser
absorption wave to the adiabatic blast wave.

Scaling Law for the Optimum Nozzle Length
Consider the example of the average laser power P̄ ≡ Ei fr at

100 MW, with which a vehicle of 100 kg can be launched.11 Here, fr

is the pulse repetition frequency. Substituting Eq. (1) into Eq. (7),
the optimum nozzle length rn,opt can be formulated as

rn,opt = 0.41
[
2ηbw P̄/ fr pa(1 − cos α)

] 1
3 (8)

For example, if ηbw can be kept at 0.44, the optimum nozzle length
is calculated at 5.6 m for fr = 10 Hz, and at 2.6 m for fr = 100 Hz
at sea level in the case of α = 15 deg.

Conclusions
Optimum nozzle scale was formulated as r̃n,opt = 0.41 through the

experimental and analytical studies. This scaling law would be valid
for all of the gases with γ = 1.4 and independent of the effectiveness
of laser absorption stage.
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Nomenclature
L = tether reference length, km
l = tether length, km
m1 = actuator mass, kg
m2 = tether tip mass, kg
N = degree of Lagrange polynomial
R = orbit radius, km
T = tether tension, N
u = nondimensional control tension
θ = in-plane tether libration angle, rad
� = nondimensional tether length, l/L
νp = angle of payload relative to rendezvous position, rad
νs = angle of mother satellite relative to rendezvous

position, rad
	 = actuator mass ratio, m1/m2

ω = orbital angular velocity of mother satellite, rad/s

Subscripts

p = payload
s = mother satellite
1 = actuator mass
2 = tether tip

Superscripts

· = differentiation with respect to time, d( )/dt
′ = differentiation with respect to nondimensional time,

d( )/d(ωt)

Introduction

S PACE tethers have been proposed for a wide range of use-
ful applications.1 Some of the most promising applications of

tether technology involve momentum-exchange techniques. The
extreme length of tethered space structures combined with the
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high strength and low mass of tether materials makes momentum-
exchange technology a very efficient means of space transportation.
Previous research has demonstrated that significant mass savings
can be achieved by utilizing tether technology compared to conven-
tional propellant systems.2,3 Some of the more exciting momentum-
exchange applications include transfer from low Earth orbit (LEO)
to destinations such as the moon or Mars. Such exciting applica-
tions have been examined in some detail in Refs. 4 and 5. Other
promising applications include the capture and subsequent deorbit
of inoperational satellites or other space debris.6

Tether-mediated rendezvous has been studied previously by
Stuart,7 as well as Blanksby and Trivailo8 for the in-plane case. Un-
like traditional spacecraft rendezvous, tether-mediated rendezvous
means that the target payload and mother satellite are in different
orbits. Thus there might be a very short rendezvous window during
which the payload and capture device are in close proximity, making
capture extremely difficult.

Blanksby et al.9 have obtained minimum reel-rate rendezvous tra-
jectories including the case in which the orbits of all masses are not
coplanar. It is probably not practical to achieve instantaneous ren-
dezvous using current technology, as is typically required in tethered
momentum transfer applications. Stuart7 has considered this prob-
lem and proposed releasing the tether tension when the tip of the
tether matches the position and velocity of the payload, thereby
allowing the tether tip to more or less follow the target orbit. Cor-
rections could be achieved using thrusters at the tether tip. However,
from a practical viewpoint this is not a very desirable solution be-
cause 1) it requires propellant to be replenished at the subsatellite,
2) firing thrusters during proximity with the payload could endan-
ger the payload, and 3) recovering control of the tether from zero
or near zero tension could prove difficult. In an effort to circumvent
some of these difficulties, Blanksby and Trivailo8 considered using
an additional mass that crawls along the tether to help improve the
controllability of the tether tip and to extend the rendezvous window.
In their work, a predictive controller was used to control the three-
mass system during the rendezvous maneuver. In this Note, we con-
sider a similar configuration and will refer to the tether crawler as an
actuator mass (AM). The rendezvous maneuver is formulated as an
optimal control problem and solved using a Legendre pseudospec-
tral method. Previously, Blanksby and Trivailo8 considered capture
only at the tether tip using such a system. However, in this Note we
will consider capture at both the tether tip and the actuator mass.

Equations of Motion
The assumptions used in the derivation of the equations of motion

are as follows: 1) the main spacecraft (mother satellite) is sufficiently
large in mass so that center of mass of the system can be assumed
to coincide with the mother satellite, 2) the mother satellite is in an
unperturbed circular orbit, 3) only the in-plane motion of the system
is considered, 4) the system masses are considered as points masses,
and 5) the tether masses are neglected. Note that in reality the center
of mass will shift as the mass distribution changes, and this in turn
influences the orbital motion. This coupling is neglected here but
should be included in future analysis of the concepts discussed in
this Note. Although only in-plane motion is studied here, pertur-
bations will inevitably cause out-of-plane motion in the system. It
is assumed that these are controlled by an appropriate means, such
as tether reeling or thrusters, prior to initiating the controller for
prolonging rendezvous.

Consider the j th subsatellite of mass m j connected to the
( j − 1)th subsatellite via the j th tether, as indicated in Fig. 1a. In
this Note, m1 refers to the AM, and m2 refers to the tether tip, as
shown in Fig. 1a. The equations of motion are defined in a rotating
(x , y) coordinate system, centered at C on the mother satellite. The
x axis points positively outward along the orbit radius vector, and
the y axis points along the orbital direction. The equations of motion
including the effect of a linearized gravity gradient can be derived
via Newton’s second law and written as follows:

ẍ j − 2ω ẏ j − 3ω2x j =
(∑

Fx

)
j

m j
(1)


